In this paper, we introduce and study a new type of an almost Lindelöf called almost Lindelöf modulo an ideal spaces and discuss their properties. Also we study the effect of functions on almost Lindelöf modulo I.
Introduction and Preliminaries
An ideal played an important role in general topology for several years. It was the works of Newcomb [16] , Rancin [17] , Samuels [18] and Hamlett and Jankovic ( [7] , [6] , [5] ) which motivated the research in applying topological ideals to generalize the most fundamental properties in General Topology. In this paper, we consider a topological space equipped with an ideal, a theme that has been treated by Vaidyanathaswamy [20] and Kuratowski [11] in their classical texts. In 1984 Willard and Dissanayake [21] gave the notion of almost Lindelöf spaces as follows: A subset A of X is said to be almost Lindelöf if for every cover {V α : α ∈ Λ} of A by open sets, there exists a countable subset Λ 0 of Λ such that A ⊆ ∪{Cl(V α ) : α ∈ Λ 0 }. If A = X, then (X, τ ) is called almost-Lindelöf space. An ideal I on a topological space (X, τ ) is a subset of p(X), the power set of X, such that: (i) if A ⊆ B ⊆ X and B ∈ I then A ∈ I, and (ii) if A ∈ I and B ∈ I then A ∪ B ∈ I. Some useful ideals in X are: (i) p(A), where A ⊆ X and (ii) I c , the ideal of all countable subsets of X. Given a space (X, τ ) with an ideal I on X and if p(X) is the set of all subsets of X, a set operator (.) * : p(X) → p(X), called a local function [11] of A with respect to τ and I, is defined as follows: for A ⊂ X, A * (I, τ ) = {x ∈ X : U ∩ A / ∈ I for every U ∈ τ (x)} where τ (x) = {U ∈ τ : x ∈ U }. If there is no confusion, we simply write A * instead of A * (I, τ ). And for a subset A of X, Cl * (A) is defined by Cl * (A) = A ∪ A * . The family τ * = {A ⊂ X : X \ A = Cl (X \ A)} is a topology on X which is finer than τ . The elements of τ * are called τ * -open and the complement of a τ * -open set is called a τ * -closed set. It is clear that a subset A is τ * -closed if and only if A * ⊂ A. If I is an ideal on X, then (X, τ, I) is called an ideal space. We denote the interior and the closure of a set A by Int(A) and Cl(A), respectively. A point x ∈ X is called a θ-cluster point of A if A ∩ Cl(U) = ∅ for every open set U of X containing x. The set of all θ-cluster points of A is called the θ-closure of A. A subset A is called θ-closed if A and its θ-closure coincide. The complement of a θ-closed set is called θ-open. It is shown in [12] that the collection of θ-open sets in a space X form a topology denoted by τ θ .
Next we recall some known definitions and lemmas which will be used in the work.
for every open set V in Y ; (3) almost δ-continuous [15] if for each x ∈ X and each regularly open set V of Y containing f (x), there exists a regularly open set U of X containing x such that f (U ) ⊆ Cl(V ); (4) θ-continuous [3] (resp., strong θ-continuous [13] ) if for every x ∈ X and every open subset V of Y containing f (x), there exists an open subset U in X containing 
is almost continuous, then f is θ-continuous.
Almost Lindelöf modulo I spaces
We recall that A subset A of X is said to be Lindelöf modulo I [4] if for every cover {V α : α ∈ Λ} of A by open sets, there exists a countable subset Λ 0 of Λ such that A \ ∪{V α : α ∈ Λ 0 } ∈ I. If A = X, then (X, τ ) is called Lindelöf modulo I space. Proof. Assume that (X, τ ) is almost Lindelöf. Let {V α : α ∈ Λ} be an open cover of X. Then there exists a countable subset Λ 0 of Λ such that
Conversely, assume that (X, τ, I c ) is almost Lindelöf modulo I c . Let {V α : α ∈ Λ} be an open cover of X. Then by hypothesis, there exists a count-
Corollary 2.5. Let (X, τ, I) be an almost Lindelöf modulo I and J be an ideal in X with I ⊂ J . Then (X, τ, J ) is almost Lindelöf modulo J . 
is almost Lindelöf modulo I. Proposition 2.7. For an ideal space (X, τ, I), the following are equivalent:
(1) (X, τ, I) is almost Lindelöf modulo I; (2) If {F α : α ∈ Λ} is a family of closed sets having the property that for any countable subset Λ 0 of Λ,
Proof.
(1)⇒(2): Let {F α : α ∈ Λ} be a family of closed sets having the property that for any countable subset Λ 0 of Λ,
Suppose that
Int (F α ) ∈ I which is contrary to (2). Thus
(2)⇒(1): Let {V α : α ∈ Λ} be an open cover of X. Suppose that for any a countable subset Λ 0 of Λ, X \ α∈Λ 0
Hence, we get a contradiction to the fact that
is an open cover of X. Therefore, (X, τ, I) is almost Lindelöf modulo I.
Proposition 2.8. For an ideal space (X, τ, I), the following conditions are equivalent:
(1) (X, τ, I) is almost Lindelöf modulo I; (2) For any family {F α : α ∈ Λ} of closed subsets of X such that
(3) For any family {F α : α ∈ Λ} of regular closed subsets of X such that
(1) ⇒ (2): Let {F α : α ∈ Λ} be a family of closed sets of X such that ∩{F α : α ∈ Λ} = ∅. Then {X \ F α : α ∈ Λ} is open cover of X. Since (X, τ, I) is almost modulo I, there exists a countable subset Λ 0 of Λ such that
Cl (X \ F α ) ∈ I which in turn implies that
Thus by assumption there exists a countable subset Λ 0 of Λ such that
Now we have
Cl (V α ) ∈ I. Hence, (X, τ, I) is almost Lindelöf modulo I.
Theorem 2.9. If an ideal space (X, τ, I) is almost Lindelöf modulo I, then for every cover {V α : α ∈ Λ} of X by θ-open sets there exits a countable subset
Proof. Suppose that (X, τ, I) is almost modulo I and let {V α : α ∈ Λ} be a cover of X by θ-open sets. Then for each x ∈ X, there exists
and therefore, X \ x∈X 0 V αx ∈ I.
Proposition 2.10. Let (X, τ ) be a regular space. Then the following are equivalent:
(1) (X, τ, I) is almost Lindelöf modulo I; (2) (X, τ, I) is Lindelöf modulo I.
(1) ⇒ (2): Suppose X is regular space, almost Lindelöf modulo I and {V α : α ∈ Λ} is an open cover of X. Then for each x ∈ X, there exists α x ∈ Λ such that x ∈ V αx . Since X is regular, there exists a open set U x containing x such that U x ⊂ Cl(U x ) ⊂ V αx . The family {U x : x ∈ X} is an open cover of X. Since X is almost Lindelöf modulo I, there exits a countable subset X 0 of
V αx ∈ I. Hence, (X, τ, I) is Lindelöf modulo I.
(2) ⇒ (1): It is obvious.
Next we study the behavior of some types of an almost Lindelöf modulo I subsets.
Corollary 2.11. For a subset A of X, the following are equivalent:
(1) A is almost Lindelöf modulo I c in X; (2) A is almost Lindelöf; (3) A is almost Lindelöf modulo ∅ in X.
We observe that every Lindelöf modulo I subset of an ideal space (X, τ, I) is almost Lindelöf modulo I. Cl(V α ) ∈ I Proposition 2.13. For a subset A of an ideal space (X, τ, I), the following are equivalent:
(1) A is is almost Lindelöf modulo I; (2) If {F α : α ∈ Λ} is a family of closed sets having the property that for any countable subset Λ 0 of Λ [
Proposition 2.14. For a subset A of an ideal space (X, τ, I), the following are equivalent:
(1) A is is almost Lindelöf modulo I; (2) For any family {F α : α ∈ Λ} of closed subsets of X such that [
A ∈ I; (3) For any family {F α : α ∈ Λ} of regular closed subsets of X such that 
Hence A∩B is almost Lindelöf modulo I.
Theorem 2.18. Every θ-closed subset of an almost Lindelöf modulo I is almost Lindelöf modulo I.
forms an open cover of X. Since X is almost Lindelöf modulo I, there exist a countable subset Λ 0 of Λ and countable points, says,
Let (X, τ, I) be an ideal space and let A ⊆ X, A = ∅. We denote by I A the collection {I ∩ A : I ∈ I} and by (A, τ A ) the subspace of (X, τ ) on A. It is clear that the collection τ A is a topology on A and the collection I A is an ideal class of subsets in A. Observe that (A ∪ B) \
Cl (V α )).
Since Λ 0 ∪ Λ 1 is a countable subset of Λ and I is an ideal on X, it follows that (A ∪ B) \ Proof. Suppose that {V α : α ∈ Λ} is a cover of X by open sets. Choose and fix α 0 ∈ Λ such that X = V α 0 = ∅ . Then the set X \ Int(Cl(V α 0 )) is a proper regular closed set. Thus by assumption, there exists a countable subset
Therefore, X \ Cl(U αx )) ∈ f (I).
We know f (A) \ f (
Cl(U αx )). This implies
Cl(V αx ) ∈ f (I). This implies that f (A) is almost Lindelöf modulo f (I). Cl(U αx )) ∈ f (I).
Since f (Cl(U αx )) ⊆ V αx for each α x , f (A) \ By taking I = {∅} in the above results, we get the well known results that almost Lindelöf is preserved by some types of continuity.
